In the 't Hooft's planar limit of B-model open string field theory in the Dijkgraaf-Vafa context, an enlarged cyclic symmetry is formulated by introducing the idea of homotopy Lie categories (L ∞ categories) on a set of sequences of holomorphic functions (prepotentials with Whitham deformations) following the work of Itoyama and Kanno. Based on the study of multiple D-branes, we formulate the categorification of D-brane field theory.
Introduction
This article is an interlude in a series formulating homological mirror symmetry for string theory in the planar limit [1] , i.e., 't Hooft's 1/N expansion of large N SU (N ) gauge theory, fixing g 2 N .
[2]
In Ref. 1 we used the language of homotopy associative (A ∞ ) algebras [1, 3] 
where we have introduced the string coupling constant g s , a Kähler form ω of CP 1 , the connection ∇ on CP 1 and Higgs fields of Chan-Paton factors of N D-branes ψ 1 and ψ 2 along the A 1 fibration of the resolved conifold and the normal to CP 1 respectively.
In Ref. 3 , it was shown that the system with action (1) is equivalent to (ψ = ψ 2 ) the system with the action
The reason for considering the Seiberg-Witten geometry in the context of the Dijkgraaf-Vafa model is that this model has one of the simplest equivalences to topological string theory with multiple D-branes.
In Ref. 1, we reduced the homotopy Lie (L ∞ ) associativities in each perturbative order to A ∞ associativity. The associativity is due to hidden bosonic field degrees of freedom as shown in Ref. 4 . The higher composition structure is written as a tau function with Whitham deformation time variables and is studied using the relation between integrable hierarchies and the spectral curve for local Calabi-Yau geometry. as large-N open/closed string transition. Usually the L ∞ 'algebra' is used since this localizes the objects of the A ∞ version through the action of the cyclic symmetry group S N , and the L ∞ algebra is enough to describe the theory. However, it is possible to define a morphism of this category to introduce L ∞ associativity with a non-trivial mathematical structure, comparable to Lagrangian Floer theory in the A ∞ side Fukaya category. [6, 7] The disk world sheet D 2 is replaced by the projective line CP 1 . The objects are the prepotentials and they form a category not an algebra.
In the next 2 sections of this article we clarify the mathematical structure by continuing the study focused on B-model, which is defined on a toric Calabi-Yau manifold. In our L ∞ structure of morphisms there is a state that is defined by the kernel of an infinite matrix of second derivatives of the difference of two prepotentials with respect to period integrals on a curve and the deformation parameters. The mathematical formulation has been given by H. Itoyama and H. Kanno. [8] Section 4 contains the new material. Based on the multiple D-brane category, we formulate the D-particle fields using an L ∞ category kerQ. This formulation, using gauged S-duality spontaneous breakdown, is based on the author's recent work. [9] In section 5 we conclude that this formulation can be viewed as a realization of Fukaya's conjecture on the generalization of the concept of space. [10] 2 Preliminaries for Multiple D-branes
Dijkgraaf-Vafa integrable system with Whitham deformations
The integrable hierarchies in the theory of R. Dijkgraaf and C. Vafa as a special case of SeibergWitten theory have been explored by Itoyama and Morozov. [5] We summarize the mathematical content of those papers here.
The concrete form of the Dijkgraaf-Vafa curve is defined by arbitrary degree n + 1 and n − 1 polynomials W (x) and f (x) as
This curve can be regarded as the spectral curves for two models: the gravity dual of an N = 1
super Yang-Mills with W (x) as the superpotential and a topological B-model having W (x) as the potential for B-2 branes.
The Seiberg-Witten differential dS is a meromorphic 1-form on the curve C. It is defined in the
and is called the Dijkgraaf-Vafa differential.
We define two period integrals on C: hyper-elliptic integrals for the cycles A i , i = 1, 2, · · · , n of genus n around the i-th branch cut of the closed Riemann surface C, and for the symplectic dual cycles B i on H 1 (C, Z) such that the intersection of the cycles is governed by
and A i ∩ B j = δ ij . That is, we define
and the prepotential F ( a) is defined as a holomorphic function of the period integrals a
As discovered by Gorsky et al., [11] by introducing the infinite Whitham time variables t ℓ for odd numbers ℓ ≥ 0, the Seiberg-Witten data in this integrable system can be seen to be the same as for a Toda chain integrable system. For instance, the continuous deformation of the Seiberg-Witten differential dS( a) to dS( a, t) given by
conserves the properties of Seiberg-Witten curves in such a way that the derivative of the differential dS by moduli is less singular than dS itself.
The one form dΩ ℓ on C is defined such that the B-cycle period integrals only have non-zero
and, in the limit that the local coordinate z goes to infinity on the Riemann surface C, dΩ ℓ behaves asymptotically as
So, around z = ∞, there are n branch cuts and each ℓ-degree time variable t ℓ is the coefficient of a pole of dS.
The Dijkgraaf-Vafa superpotential of a (0, 1) complex form ψ on n copies of CP 1 is
The minima of this superpotential correspond to topological B-model vacua ψ (0) :
Around these vacua, we can interpret the Whitham time variables t ℓ physically as the coefficients of level ℓ modes of the harmonic oscillator approximation
in coherent states,
Here α † This extended function will be used in the section 3 to define the L ∞ category.
Itoyama-Kanno theorem
Itoyama and Kanno derived the following elegant formulation of the degenerations of the DijkgraafVafa curve.
Theorem (Itoyama-Kanno) The condition that the Seiberg-Witten curve with Whitham deformation which has the structure of a closed Riemann surface Eq. (3) degenerates to some nonintersecting cycles of the Seiberg-Witten curve C of genus m(< n) is equivalent to the algebraic
That is, the kernel of the matrix on the left hand side of Eq. (14) has a non-trivial infinitedimensional vector denoted by c for prepotential F .
Proof. The proof is as follows. [8] If there exists c( = 0) ∈ C ∞ , we can make the linear combination
which is a meromorphic one-form on the Dijkgraaf-Vafa curve and the period integrals of dΩ over all A i and B i cycles (that is, all bases on H 1 (C, Z) in our notation) vanish. Weierstrass's gap theorem states that such a meromorphic one-form on C, whose integral along any path ending at a point z, f (z) = z dΩ, has poles of order d j , j = 1, 2, . . . , n such that
does not exist. [12] This is a contradiction. So there must exist some degenerated cycles on C.
From the Itoyama-Kanno theorem, the kernel of the second derivative of the prepotential characterizes the degeneration into two Riemann surfaces.
For example, for open string fields between two D-branes, the Dijkgraaf-Vafa curve is a genus two hyperelliptic curve which degenerates to a genus one Dijkgraaf-Vafa curve.
For the degeneration of the Riemann surface C, we can define a coherent open string field ψ a, c
by Eq. (13) for the Itoyama-Kanno kernel c = c
n , c
1 , · · · t where c 
L ∞ Category of Multiple D-branes
In this section we define the category of multiple topological D-branes (B-2 branes) wrapping around a blown up sphere.
The Itoyama-Kanno theorem applies to Seiberg-Witten geometry which is broader than the Dijkgraaf-Vafa class. In particular, it is conjectured to apply to A-D-E type toric Calabi-Yau geometries.
The L ∞ algebra is extended to a homotopical category for the set of these B-2 branes wrapping around CP 1 .
We define this as follows.
1. The objects are sequences of holomorphic functions F d ( a, t) labeled by d = 0, 1, 2, · · · with variables a = (a 1 , a 2 , · · · , a n ) and deformation parameters t such that
The label d = dim ker(∂ a ∂ t F ) is the number of critical points of F d . In the following we suppress this label.
The morphism is a linear subspace in C ∞ of Whitham deformations between objects F i
and F j at a ∈ n k=1 C a k , i.e., the Itoyama-Kanno kernel for the difference of two objects (F i − F j )( a, t). The set of morphisms has the structure of a chain complex given by the sequence of vector spaces with degree d and its differential∂ denoted by
3. There are multi-linear composition structures
which satisfy the L ∞ algebra 0 = 1≤k,l≤n σ∈Sn
where we have suppressed the common variables a in the wave functions and for each k ≥ 1 there exists a faithful action from the symmetric group with k elements S k
We now explain the construction of an L ∞ category for a Dijkgraaf-Vafa B-model. We set the degree d for the ghost number of the coherent state ψ a, c in Eq. (13) and∂ for the BRST charge.
For this model, the composition l k is defined by the following coefficient that is the partition function of a one matrix model S = trW (ψ)/g s . [3] 
where the sign in the exponent is positive for 1 ∼ k and negative for k + 1. The morphism is F i+1 ) and the action of σ ∈ S k on a planar diagram is given by
Here CP 1 means the Feynman diagram of a matrix integral in the planar limit, for example,
and the index of the hole of this sphere corresponds to the dummmy indices b, c, · · · , d of the matrix polynomial.
These higher compositions obviously have enlarged cyclic symmetry
We now comment on the associativity of closed string fields. The equation of motion for a
Bershadsky-Cecotti-Ooguri-Vafa topological B-model closed string field ψ is the Kodaira-Spencer
This is equivalent to the cup product L ∞ structure in differential graded Lie algebras.
L ∞ Category of D-brane Field Theory
Having achieved the categorification of multiple D-branes, we now consider how to categorify the D-brane field theory proposed by Yoneya. [14] A constructive definition of D-particle fields has been proposed by the author as a single SL(2, R) BRST cohomology kerQ. [9] The 3-vector partition function Ψ g s , t,¯ t with deformation parameters t n for n D-branes satisfies
where
The SL(2, R) gauge potential A and ghost C for SL(2, R) group factors ε I are defined by
with fermionic operators q I n and Grassmann numbers θ I n . We define the quadratic variable by the external product between ghosts
and Λ is the eigenvalue of the Laplacian in the time variables t n ∆ t, t A
Q is the sum of BRST charges of the U (n) Chan-Paton factors q n andq n
This condition is equivalent to an SL(2, R) Yang-Mills action with infinite time variables but we do not give the derivation of it here.
The L ∞ category of D-particle fields is defined as follows.
1. The objects are elements of the kernel of the SL(2, R) BRST charge Q kerQ .
2. The morphisms are correlations of Goldstone modes Ψ that satisfy BRST condition Q Ψ = 0 locally. [9] There are elements of the BRST cohomology of Chan-Paton open string fields bounded on Dparticle fields Ψ 1 and Ψ 2 quotiented by the set of critical points Cr (vacuum configurations)
Here indices n and m denote the indices of Grassmann numbers n θ n and mθ m .
These cohomologies satisfy the ring structures of quantum cohomologies.
3. As the composition structure, we consider
which, by gluing D-particle fields, can also be written in the form To obtain these correlations we first construct the product
Then we find
Usually
because of the non-commutativity of supercoordinates θ andθ.
We define the L ∞ category of the m SU (m) vector bundle over R n for an arbitrary integer n by
with the deformation parameter t m ∈ C.
The space of morphisms is defined by the singular chain complex on Spaces
with composition structure as the chain map and its higher order extensions
where the function F satisfies L ∞ associativity ( ) 2 F 2 = 0 and the sign is positive for 1 ∼ k and negative for k + 1. This category is just defined on the deformations of the vector bundles over R n , in this affine case a direct product.
The L ∞ category kerQ defines the Hochschild cohomology of l 2 = 0
for an L ∞ functor F from Spaces to kerQ.
Conjectures Motivated by Fukaya's Conjecture
In Ref. 10, K. Fukaya proposed a way to generalize the concept of space using string theory.
We quote the relevant paragraphs here.
It seems to me that the idea of String theory to generalize the concept of space is as follows. Let M be a space. We consider the space of maps M ap(Σ, M ), from surface Σ to M .
We consider an integral
Here Df is the "Feynmann measure", and L (f ) is a Lagrangian, a function on M ap(Σ, M ), which we do not specify. The integral is taken over the space M ap(Σ, M ) or its submanifold.
L (f ) may depend also on additional structures on M and Σ, for example vector bundle on M , submanifold of M or Σ etc. By changing such additional structures on M or Σ and also the topological type of Σ (the genus of Σ), we obtain a system of numbers. (We fix topology and geometry of M .) We regard them as "correlation function of 2 dimensional field theory". This field theory is two dimensional, since (in our terminology) we are discussing analysis on Σ.
Thus if we could justify Eq. (44) for appropriate L (f ), we would get a "functor" {Spaces} ⇒ {2 dimensional field theories}.
(45)
Conjecture. The "functor" is locally injective. Namely there is no deformation of spaces which gives the same field theory.
If this conjecture is true, then one may say that "2 dimensional field theory" is a generalization of the concept of spaces.
In D-brane field theory, we can conclude that the L ∞ category kerQ satisfies the properties of the category of 2-dimensional field theory, where we regard the additional structures as deformation parameters t of Space and the correlation functions and partition function are the Goldstone modes Ψ and Ψ themselves.
In the sense of Fukaya's conjecture, the next two conjectures follow. Conjecture 2 The definition of L ∞ category kerQ, which satisfies Eq. (46), is unique and its applicable category Spaces is complete, i.e. has no extension of itself.
There seems to be no obstruction to extend our theory of R n to the one of manifolds. 
